The problem of steady laminar fully developed flow and heat transfer in a horizontal channel consisting of a couple-stress fluid sandwiched between two clear viscous fluids is analyzed analytically. The fluids in all regions are assumed to be incompressible, immiscible, and the transport properties of the fluids in all regions are assumed to be constant. Under these assumptions, the resulting governing equations constitute a set of coupled linear ordinary differential equations that is solved analytically. The closed form solutions obtained for the velocity and temperature fields in the channel are evaluated numerically for various parametric conditions. These results are illustrated graphically to illustrate the effects of the physical parameters governing the flow such as the viscosity ratio, conductivity ratio, couple-stress parameter, Eckert number, and the Prandtl number on the velocity and temperature profiles. In addition, results for the rate of heat transfer are computed for different values of the physical parameters and presented in tabular form. It is found that the effect of the couple stress parameter is to promote the motion of the fluid.
Introduction
The theory of polar fluids was originally developed from a statistical mechanics model that assumed noncentral forces of interaction between particles. If the interparticle forces are not central forces in a particle-particle interaction there is an interparticle couple as well as an interparticle force; under the action of this couple, the fluid particles will have a tendency to rotate relative to their neighbours. The essential idea of a polar fluid is obtained by introducing a kinematic variable to model the forces that balance the action of the couple. Even though there is a slight simplification, it is the conceptual origin of the theory of polar fluids. Kinematically, the theory differs from other theories of fluid behavior, in that a particle angular velocity is defined independently of its velocity field and an axial vector field characterizing the rotational motion relative to the vorticity is constricted and the rotational motion of the fluid particles is considered to be proportional to the sum of these two independent fields. Mechanically, the polar fluid theory differs from other fluid theories in that angular momentum effects such as couple stresses and symmetry of the usually symmetric stress tensor are considered. The constitutive equations for polar fluids have been advanced from different view points by Cowin [1] , Aero et al. [2] and Eringen [3] . They simply introduced the velocity and particle angular-velocity fields and postulated a dissipation function that leads to Grad's constitutive equations. Eringen [3] obtained the same constitutive equations by specializing his more general theory of microfluids Eringen [4] . Generalizations of the polar fluids are easy to construct using the director triad, which is required to remain rigid for polar fluids. The "theory of fluids with deformable microstructure" deals with fluid behaviour associated with a deformable director triad. This theory is discussed by Eringen [4] and Kline and Allen [5] . The more specialized theory of Eringen [6] called micropolar fluids with stretch is obtained by constraining the motion of the deformable triad so that all three directors remain perpendicular during the deformation and experience identical rates of length change. Both of these theories reduce to the polar fluid theory when the appropriate kinematical constraints on the driven triad are introduced. Finally, the theory of fluids with couple stresses is obtained if the polar fluid is constrained so that the Cosserat triad rotates with the underlying medium, but remains rigid. Thus, both polar and dipolar fluids reduce to the theory of fluids with couple stresses introduced by Stokes [7] .
The couple-stress fluid model has wide applications in biofluids, colloidal fluids liquid crystals, and in engineering for pumping fluids such as synthetic lubricants. It is observed that slurries in general and animal blood in particular, show, under certain circumstances, strong deviation from a Newtonian fluid behavior. Initial studies of experimental data on blood, even though the data are by no means complete, lead us to believe that some deviations may be explained by assuming that blood is a fluid with couple stress. It is hoped that our paper will cast new light on blood behaviour and thus lead to more comprehensive experiments for the eventual understanding of the rheological properties of blood. Based on the couple-stress theory of Stokes [7] , Valanis and Sun [8] , Chaturani and Kaloni [9] , and Chaturani and Upadthya [10] have proposed theoretical models for blood flow through narrow tubes. The theoretical results obtained from these three models are in good agreement with experimental results.
Further, Chaturani and Pralhad [11] studied a three-layered couette-flow model for blood flow and they assumed that the top and bottom layers consist of plasma (Newtonian fluid) and the middle layer consists of a red-cell suspension (couple-stress fluid). Recently, Malashetty and Umavathi [12] analyzed the effects of couple stresses on the free convective flow in a vertical channel. Free convection flow of an electrically conducting couple-stress fluid and a couple-stress fluid for the radiating medium in a vertical channel has been studied by Umavathi [13, 14] . Keeping in view the practical applications mentioned above, it is the objective of this paper to analyze the flow nature for couple-stress fluid sandwiched between clear viscous fluids 
Mathematical formulation
The physical configuration ( Fig. 1) consists of two infinite, horizontal parallel plates extending in the x-and z-directions. The flow and heat transfer in a system consists of a couple-stress fluid layer sandwiched between two viscous fluid layers. The regions −h ≤ y ≤ 0 and h ≤ y ≤ 2h are filled with a clear viscous fluid of viscosity µ 1 and thermal conductivity K 1 , and the region 0 ≤ y ≤ h is occupied by a couple-stress fluid having viscosity µ 2 , thermal conductivity K 2 , and a material constant η. The boundary walls of the channel are held at different constant temperatures, the upper wall is held at a temperature T W1 and the lower wall is held at a temperature T W2 with T W1 > W2 . The flow is assumed to be steady, laminar, and fully developed. Further, the fluid in all regions is assumed to be driven by a common constant pressure gradient (−∂P /∂x) and that the existence of heat transfer does not affect the pressure gradient. The transport properties of the fluids in all regions are assumed to be constant.
Under these assumptions, the governing equations of motion and energy are
where the subscript i = 1, 2, 3 gives the governing equations for Regions I, II, and III, respectively, and and T is the temperature. The boundary conditions on velocity are the no-slip conditions and those on the temperature are the isothermal conditions. The couple stresses vanish at the boundary, in addition, the continuity of velocity, shear stress, temperature, and heat flux at the two interfaces are assumed; also, the couple stresses vanish at the two interfaces (Valanis and Sun [8] ). The boundary and interface conditions on velocity are
The boundary and interface conditions on temperature are
Equations (1)- (4) are made dimensionless by using the following quantities:
This yields
where i = 1, 2, 3 gives the dimensionless equations for the Regions I, II, and III, respectively, and
The nondimensional form of the velocity, temperature boundary, and interface conditions reduce to
(The asterisks have been dropped for simplicity.)
Closed-form solutions
The governing equations of momentum and energy are linear ordinary differential equations and closed-form solutions can easily be obtained. Without going into detail, the solutions of (6) and (7) along with the boundary conditions given in (8) and (9) can be shown to be 
Case 1
The solutions of (6) and (7) using the boundary conditions given by (8) and (9) in the absence of couple stresses are 
Case 2
In the absence of couple stress and viscous dissipation, solution of (7) reduces to
Since the velocity is independent of temperature, the solution of (6) remains the same as that of (16) in the absence of couple stresses and viscous dissipation.
Determination of viscosity of the couple-stress fluid
The viscosity of the couple-stress fluid is an important factor from the physiological as well as the engineering point of view (Dintenfass [15] ). The shear viscosity µ 2 of the couple stress fluid can be determined by knowing the stress at any point.
Using (10) in (23), the viscosity of the couple-stress fluid µ 2 is obtained as
Since (τ 3 , µ 1 , h P ) can be measured experimentally, one can evaluate µ 2 from (24). Stokes [7] method for the determination of the viscosity for a couple-stress fluid by a one-fluid model is valid only when the distance between the plates h is sufficiently large. But for small values of h, Stokes analysis may not be valid because suspensions have the tendency to leave a clear fluid layer near the walls. The method suggested by Chaturani and Upadthya [10] is quite involved, in that one has to first determine two other couple-stress parameters. The present method is a simple method and can be used to check the Chaturani and Upadthya method [10] considering the upper plate to be moving with V instead of no-slip velocity.
Rate of heat transfer
Apart from the velocity and temperature distribution in the channel, it is important to determine the rate of heat transfer between the plates and the fluid. The rate of heat transfer through the channel wall to the fluid is given by
The rate of heat transfer in dimensionless form can be written as
Based on the analytical solutions reported above, the rate of heat transfer at the top wall is given by
while at the bottom wall, it is given by
(The constants are defined in the Appendix). The effect of the couple stress parameter a on the velocity profiles in the channel is shown in Fig. 2 . It is observed from Fig. 2 that as the couple-stress parameter increases, the velocity increases. It is interesting to note that for sufficiently large values of a the velocity profile becomes almost unchanged. Hence, the flow can be stopped by choosing a large couple-stress parameter and on the other hand, the maximum flow rate can be achieved by choosing a small a small. Since a indicates the relation between the chain length of the molecules (a = h l where l = η µ 1 is a function of molecular dimensions of the liquid) and distance between the plates, physically lower values of a correspond to larger values of the length of the polar additives. For example, the length of a polymer chain may be a million times the diameter of a water molecule. One might, therefore, expect couple stresses to appear in noticeable magnitudes in liquids with very large molecules. It is also seen from Fig. 2 that large values of a will lead to the flow nature being the same as that of a viscous fluid.
The effect of the viscosity ratio m on the velocity profiles is shown in Fig. 3 . As the viscosity ratio increases, the velocity also increases and for large values of m, the velocity in the channel remains constant.Also, in the absence of couple stresses and as the viscosity ratio increases, the velocity increases, but it is more significant for a = 0
The effect of the couple-stress parameter a on the temperature profiles in the channel is shown in Fig. 4 . As the couple-stress parameter increases, the temperature also increases in all regions and this increase is significant at the interfaces and in Region II. The temperature in the channel becomes almost unchanged as a increases further and further. It is also observed that in the absence of couple stresses, the temperature profile is parabolic in Regions I and III and is linear in Region II. Since the temperature at the top plate is higher than the bottom plate, the temperature decreases from top to bottom. The effect of the viscosity ratio m on the temperature profile is shown in Fig. 5 . As the viscosity ratio increases, the temperature decreases. One can observe that for values of m < 1, the suppression in the temperature field is large compared to m > 1. Here also, the temperature attains a constant value for large m. In the absence of couple stresses, the temperature increases as the viscosity ratio increases, which is in contrast in the presence of couple stresses. Figure 6 displays the effect of the conductivity ratio K on the temperature field. The temperature in the channel increases as K increases above y = 0.448 36 and decreases below y = 0.448 36. In the absence of couple stresses also the temperature increases as K increases above y = 3.882 32 and decreases below y = 3.882 32.
Figures 7 and 8 display the effects of the Eckert number Ec and the Prandtl number P r on the temperature profiles in the channel. As either the Eckert number or the Prandtl number increases, the temperature in the channel increases, but the temperature profiles remain parallel to the y-axis for the couple-stress fluid region. As the Eckert number or Prandtl number increases, the temperature also increases in the absence of couple stresses, but the profiles are parabolic in Regions I and III and linear in Region II. The profile is linear in all the regions in the absence of Eckert and Prandtl numbers. The velocity profiles are shown in Fig. 9 for different values of shear viscosity µ 2 of the couple-stress fluid. In the present analysis the shear viscosity µ 2 of the couple-stress fluid is taken in the form (µ 1 + µ R ) where µ 1 is the viscosity of the solvent fluid and µ R is rotational viscosity. (The values of µ R are taken from Ariman et al. [16] for 10% and 40% concentration). The numerical values of the velocities were computed from (1) using the boundary and interface conditions from (3) for different values of the concentration and layer thicknesses and are shown in Fig. 9 . Since the velocity remains unchanged for the layer thickness in Regions I and III, the graph is drawn only for Region II. It is interesting to note that velocity decreases as the concentration increases, which is similar to the result obtained by Chaturani and Pralhad [11] in the upper half of the layer thickness. The effect of rotational viscosity for different solvent viscosity is shown in Table 1 . It is observed that for solvent µ 1 < 1, as the rotational viscosity µ R increases the velocity decreases considerably. It can be seen that for µ 1 = 13, there is not much variation in the velocity as µ R increases.
The variation of the rate of heat transfer with different physical parameters is given in Table 2 . We observe that as the viscosity ratio m increases, the rate of heat transfer increases for m < 1 and decreases for m > 1 at both walls of the channel. Increasing the values of the Eckert number and the Prandtl number increases the rate of heat transfer significantly at the top and bottom plates. This is due to the significant increases in the wall-temperature gradients as either Ec or P r increases. Furthermore, the rate of heat transfer at both plates of the channel increases considerably for sufficiently large values of the couple stress parameter a. It is also observed that as the conductivity ratio K increases, the rate of heat transfer increases at the top plate and decreases at the bottom plate.
Conclusion
The problem of steady fully developed flow and heat transfer of a couple-stress fluid sandwiched between two layers of viscous Newtonian fluids through a horizontal isothermal parallel-plates channel under the action of a constant pressure gradient was studied. Closed-form solutions were obtained by solving the governing equations subject to the proper boundary and interface conditions. The analytical solutions for the velocity and temperature profiles in the three-layer regions were evaluated numerically and a parametric study illustrating the influence of the various physical parameters on the hydrodynamic and thermal fields was conducted. The physical parameters governing the heat transfer characteristics such as the rate of heat transfer at the top and bottom walls of the channel were also evaluated for various conditions. The effect of increasing the couple-stress parameter was found to increase the velocity and temperature fields in the channel. Furthermore, the rate of heat transfer at both plates of the channel increased as the couple stress parameter was increased.
